The traditional parity-delineated boundary between magnetoresistance and the Hall effect is overturned when time reversal symmetry is naturally broken.
respect to the relative alignments of the magnetization, magnetic field, and current reveal the two underlying microscopic mechanisms: spin-polarization-dependent scattering of a Zeeman-shifted Fermi surface and magnetoresistance driven by the anomalous velocity physics usually associated with the anomalous Hall effect.
TEXT:
The study of galvanomagnetic effects suffuses condensed matter, material, and device physics, tracing its origins to the pioneering work of Lord Kelvin and Edwin Hall in the 19 th century. The response of electrons to applied magnetic and electric fields has revealed the fundamental characteristics of the Fermi surface in metals, stimulated paradigms of electron correlations from Mott to Kondo, and enabled devices from spintronics [1] [2] to topological circuitry [3] . However, the link between macroscopic response and microscopic origins can be obtuse, relying upon the nuanced parsing of functional forms (negative vs positive, linear vs.
quadratic, angular modulation, etc.) over a controlled parameter space [4] [5] [6] .
One of the first rules of magnetotransport for experimentalists is to separate the diagonal and off-diagonal components of the resistivity tensor by testing for even vs. odd parity under field reversal. The magnetoresistance (MR), ρ xx (H), is even; the Hall resistance, ρ xy (H z ), is odd. Here we explore the phenomenon of odd-parity MR, rarely established experimentally [7] [8] [9] [10] [11] because of the usual symmetry assumptions. In a ferromagnet, an intrinsic magnetization M breaks time reversal symmetry even at field H=0, and the Onsager's relation for electrical conductivity σ takes the form σ ij (H,M) = σ ji (-H,-M) [8, 11] . The salient requirement separating odd and even-parity MR is whether M remains constant through a reversal of the measurement field. With fixed M, we identify two kinds of odd parity contributions to the electrical current:
where A and B are constants, and E is the electrical field. We refer to the first term as odd parity MR. The second term, × × , is equivalent to • − • , so that it includes both the odd-parity MR and a new term, • , which we shall refer to as the odd-parity planar Hall
effect. As we demonstrate below, removing the requirement that M be parallel to H opens the door for a wide range of odd-parity galvanomagnetic behavior, encompassing both transverse and longitudinal MR [12] and the magnetic planar Hall effect [13] .
We recall that Onsager's relation for non-magnetic materials gives σ ij (H) = σ ji (-H). In the case of an isotropic system, the electron transport equation [14] can be expanded to linear and 
with the typical relaxation time between scattering events, e the electron charge, m the mass of the electron, c the speed of light, and a numerical coefficient. The first two terms on the righthand side represent the transport process driven by the externally applied field E and the Lorentz force, respectively, while the last term captures the anomalous Hall effect due to the presence of ferromagnetism. Solving v iteratively to first order in H for a steady state solution gives:
where
, and +2 (A) = − .
The final term, × × = • − • , yields a general mechanism for obtaining both odd-parity linear magnetoresistance and the planar Hall effect, attributable to the same origin as the ferromagnetism-induced anomalous Hall effect (the third term in Eq. 3) [16] .
Although odd-parity linear MR from this origin was theoretically discussed [11] , as we will demonstrate below, a clear experimental verification relies on the planar Hall configuration.
Various aspects of the planar Hall effect have been explored in the literature, but it is generally assumed that H is large compared to the coercive field, so that M is parallel to H. The resulting term, • , is even under H reversal [13] . By contrast, we keep M and H independent so that the planar Hall term, • , is odd in H.
We note that the assumption of a single and in Eq. 3 breaks down in a ferromagnet [17] , which leads to an additional mechanism for inducing odd-parity linear MR [8, 10] We investigate experimentally the two odd-parity linear forms, (M´E)´H and (M×H)E, using physical systems with large coercivities of differing microscopic origins. In the rare-earth magnet SmCo 5 , the combination of crystalline anisotropy along the c-axis and a needle-like microstructure [18] gives rise to coercivities up to ±2T at T = 300 K (Fig. S1 ). Additionally, we leverage the presence of parasitic ferromagnetism at metallic domain walls in insulating antiferromagnets [19] [20] , where the large coercivity stems from the ferromagnetic moments being We separate the two terms in Figs. 2E and 2F. The sinusoidal form in Fig. 2E supports the presence of (M×H)E, given that (M´E)´H vanishes. Conversely, the magnetic planar Hall effect in Fig. 2F points to the presence of the (M´E)´H term, where (M×H)E is zero.
We note that contamination from other configurations is unlikely to explain the evidence for the planar Hall effect that emerges in to the sample surface, an imperfect four-lead geometry leads to a mixture of diagonal and offdiagonal terms, and as the domain walls are substantially more conductive than the bulk, the current paths are distorted, exacerbating this effect. The spatial inhomogeneity provides a realization of the Parish-Littlewood mobility fluctuation model [23] , difficult to solve over a threedimensional random domain structure [24] . Here, we use a van der Pauw (vdP) measurement geometry to highlight the mixture of the odd-parity linear behaviors, and separate the ordinary Hall and magnetic MR components at the macroscopic level by using the constant domain wall magnetization M as an independent variable.
Using a double rotation stage (Figs. 3B, 3C ), we induced a constant ferromagnetic moment by cooling with the applied field parallel to the four-lead sample surface. After cooling below T N = 227 K, the magnetizing field was removed and the sample rotated by 90° so H becomes normal to the surface (Fig. 3C) . The magnetization was prepared in a series of in-plane orientations ϕ by performing multiple cooldowns from T = 300 K with differing orientations of the sample to the magnetizing field (Fig. S2) . We find that the two independent MR channels and the two reciprocal
Hall channels are all odd-parity and linear at T = 195 K < T N (Fig. 3D) , and their slopes oscillate with a 360 o period in ϕ. The average linear slope of the Hall channels is ϕ-independent and equal to the ϕ-average slopes of the individual channels (Fig. 3F) . As a check, we show in Fig. 3E that the linear slopes of the Hall channels are ϕ-independent and identical above T N .
The ϕ dependence of the linear slope below T N (Figs. 3F, 3G) is explainable by the currentvoltage reciprocal relationship, albeit under two different conditions. For ferromagnets, the reciprocal relationship states QR,60 , = 60,QR − , − (Fig. 3D inset 
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Figs. S1 to S3 Similar odd-parity MR and rotation θ-dependence was also observed in another highly coercive magnet Nd 2 Fe 14 B (Fig. S3) . Crystalline structures of both samples were examined by hard x-ray (105.7 keV) diffraction at sector 11-ID-C of the Advanced Photon Source. Both samples were mounted in the x-ray transmission geometry to maximize sensitivity to their bulk properties. The diffraction data was collected by a two-dimensional Perkin Elmer amorphous silicon x-ray image plate. illustrating odd-parity linear MR in a highly coercive ferromagnet (Fig. S3) , were performed using a Linear Research LR700 resistance bridge in a 9T PPMS DynaCool, using differently wedged blocks to vary angles between M and H. H (Oe)
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